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Abstract
Let Y be a path-connected subset of a CAT(0) space Z, allowing for a map f :Y → X to a 1-dimensional separable metric
space X, such that the nontrivial point preimages of f form a null sequence of convex subsets of Z. Such Y need not be homotopy
equivalent to a 1-dimensional space.
We prove that Y admits a generalized universal covering space, which we equip with an arc-smooth structure by consistently
and continuously selecting one tight representative from each path homotopy class of Y . It follows that all homotopy groups of Y
vanish in dimensions greater than 1.
© 2008 Elsevier B.V. All rights reserved.
MSC: 55Q52; 55R65; 57M10; 54F20
Keywords: Generalized covering space; Arc-smooth; Aspherical; CAT(0); Convex
1. Introduction
Verifying the triviality of higher homotopy groups in locally nontrivial spaces can be surprisingly difficult. If the
space at hand happens to be homotopy equivalent to a 1-dimensional separable metric space, then it is known to be
aspherical [4]. However, even a planar Peano continuum need not be homotopy equivalent to a 1-dimensional space
[3,10]. Indeed, [10, Example 3] is an extreme example in that it is everywhere homotopically 2-dimensional. The fact
that these planar examples are still aspherical follows from [13] (see also [3]).
Closer inspection of the examples given in [10] reveals that each of them is a path-connected compact subset of the
Euclidean plane admitting a map onto a 1-dimensional continuum, such that the nontrivial point preimages form a null
sequence of convex sets. Guided by these properties, but without restricting ourselves to dimension 2, we establish
asphericity for a wide class of spaces, using the generalized universal covering theory of [8].
Specifically, let Y be a path-connected subset of a CAT(0) space Z and suppose that Y admits a map f :Y → X
onto a 1-dimensional separable metric space X, such that the point preimages of f form a null collection of convex
subsets of Z. Although Y need not be semilocally simply-connected, we show (in Corollaries 4.8, 7.4 and 7.5) that
there is an arc-smooth generalized universal covering space Y˜ of Y and conclude that πk(Y ) is trivial for all k  2.
Our proof takes advantage of the fact that X has a generalized universal covering p : X˜ → X by an R-tree X˜ [8].
Roughly speaking, we select one tight representative from each path homotopy class of Y , by following the R-tree
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need not be rectifiable, but our construction will ensure that there cannot be a shorter path in the same homotopy
class.) Technically, this is best carried out in the pullback f ∗X˜, where we obtain tight arcs.
The collection of arcs obtained in this manner need not vary continuously with their endpoints, because the path-
components of f ∗X˜ might not be locally path-connected. However, we lift the entire collection of arcs to Y˜ and
show that they do vary continuously with their endpoints there. Any radial subcollection of these arcs then induces an
arc-smooth structure on Y˜ .
2. Definitions and preliminaries
Definition 2.1. A subset of a topological space, which is homeomorphic to the unit interval [0,1] of the real line, is
called an arc. By an arc from a to b, we will simply mean an arc whose endpoints are a and b. Arcs will have no
orientation.
Definition 2.2. A metric space X is called arc-smooth if there is a point x0 ∈ X and a continuous function
A : (X,x0) → (C(X), {x0}) from X to the metric space C(X) of nonempty compact connected subsets of X, en-
dowed with the Hausdorff metric, such that A(x) is an arc from x0 to x for all x = x0, and A(y) ⊆ A(x) for every
y ∈ A(x).
Examples of arc-smooth metric spaces are CAT(0) spaces, which we define below.
Definition 2.3. A subset of a metric space, which is isometric to some closed interval [a, b] of the real line, is called
a geodesic segment. Precomposing the isometry with a linear homeomorphism between closed intervals yields a
constant speed parametrization of the geodesic segment. A metric space is called a geodesic space if every pair of
points lies in a geodesic segment. A subset of a geodesic space is called convex if it contains every geodesic segment
whose endpoints it contains.
Definition 2.4. A triangle of geodesic segments in a metric space is said to satisfy the CAT(0) inequality if the distance
between any two of its points is less than or equal to the distance of the corresponding points on a comparison triangle
in the Euclidean plane, whose sides have corresponding lengths. A geodesic space is called a CAT(0) space if all of
its geodesic triangles satisfy the CAT(0) inequality.
Examples of CAT(0) spaces abound in all dimensions. A comprehensive reference is [1]. Note that the geodesic
segments of a CAT(0) space are uniquely determined by (and vary continuously with) their endpoints.
Definition 2.5. A topological space is called uniquely arcwise connected if every two distinct points are the endpoints
of exactly one arc. A uniquely arcwise connected geodesic space is called an R-tree.
Alternatively, we may define an R-tree as a 1-dimensional CAT(0) space: R-trees are 1-dimensional by [11,
Theorem 2.3] and they are trivially CAT(0). Conversely, CAT(0) spaces are contractible and all simply-connected
1-dimensional metric spaces are uniquely arcwise connected (they cannot contain simple closed curves, because the
contractions of loops factor through dendrites [4, p. 578]).
Definition 2.6. A collection G of subsets of a metric space is called null if for every  > 0 only finitely many members
of G have diameter greater than .
Definition 2.7. We call a continuous function p : X˜ → X, from a path-connected, locally path-connected and
simply-connected topological space X˜ onto a topological space X, a generalized universal covering of X if for
every path-connected and locally path-connected topological space Y , for every continuous g : (Y, y) → (X,x) with
g#(π1(Y, y)) = 1, and for every x˜ in X˜ with p(x˜) = x, there exists a unique continuous lift h : (Y, y) → (X˜, x˜) with
p ◦ h = g.
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exists, is uniquely determined by its properties. The group of covering transformations is isomorphic to π1(X) and
it acts freely and transitively on every fiber. Every generalized universal covering is a Serre fibration with unique
path lifting, but it need not be a Hurewicz fibration and fibers need not be homeomorphic. Due to the uniqueness
of lifts, πk(X˜) is isomorphic to πk(X) for all k  2. Moreover, it follows from the unique lifting of paths that the
path-components of every fiber are trivial. More information can be found in [8].
Remark 2.9 (Existence of generalized universal coverings). Suppose that (X,x0) is a path-connected topological
space and that the natural homomorphism ϕ :π1(X,x0) → πˇ1(X,x0) from the fundamental group to the first ˇCech
homotopy group is injective. Then, by [8, Theorem 4.10], the generalized universal covering of X exists and can be
built by the following standard construction:
Let P(X,x0) denote the set of all continuous paths α : [0,1] → X such that α(0) = x0. On P(X,x0), consider
the equivalence relation given by α ∼ β if and only if α(1) = β(1) and α is homotopic to β within X, relative to
their common endpoints. Let [α] denote the equivalence class of α and let X˜ denote the set of all such equivalence
classes. Define p : X˜ → X by p([α]) = α(1). For each [α] ∈ X˜ and each open subset U of X containing α(1), let
B([α],U) denote the set of all [β] ∈ X˜ for which there exists a continuous path γ : [0,1] → U such that γ (0) =
α(1), γ (1) = β(1) and [β] = [α · γ ], where α · γ denotes the usual concatenation of the paths α and γ . Notice that
B([α],X) = X˜ for all [α] ∈ X˜ and that if [β] ∈ B([α],U), then B([β],U) = B([α],U). Moreover, if U ⊆ V , then
B([α],U) ⊆ B([α],V ). It follows that the collection of all such sets B([α],U) forms a basis for a topology on X˜,
which one employs.
The lift of g : (Y, y) → (X,x) is the standard lift given by h(z) = [α · (g ◦ τ)], where x˜ = [α] and τ : [0,1] → Y is
any continuous path from τ(0) = y to τ(1) = z. In particular, if (Y, y) = ([0,1],0) and z = 1, we can take τ = id and
get h(1) = [α · g].
If (X,d) is a metric space, then so is X˜; a metric d˜ for X˜ is given by the formula d˜([α], [β]) = inf{diamγ ([0,1]) |
γ : [0,1] → X continuous, [γ ] = [α¯ · β]} and the covering transformations are isometries of X˜ with respect to this
metric.
Note that if X happens to be locally path-connected, then p : X˜ → X is open.
3. General setup
Observation. Each of the examples in [10] is a path-connected compact subset of the Euclidean plane admitting a
map onto a 1-dimensional continuum, such that the nontrivial point preimages form a null sequence of convex sets.
Proof. The only example for which this is not obvious is [10, Example 3]. This space, call it Y , is built by filling
infinitely many of the holes in the standard pattern of the Sierpin´ski carpet with squares S = {S1, S2, S3, . . .} such
that both the filled squares and the boundary curves of the remaining holes are dense in Y . If we let X denote the
collection of all singletons {x} ⊆R2 with x /∈⋃S and if we consider the decomposition G = S ∪X of R2, along with
the associated quotient space R2/G, then the quotient map F :R2 → R2/G is a near-homeomorphism by Moore’s
Theorem [12], since S is a null sequence of disjoint disks (see also [5, Theorem 25.1, Proposition 2.3, Theorem 5.6]).
So, X = F(Y ) is a 1-dimensional continuum, since it is a compact subset of the plane with empty interior (and contains
arcs). The restriction f = F |Y :Y → X is the desired map. 
Inspired by these properties, we consider the following more general setup.
General Setup. We fix a CAT(0) space Z with metric d , a path-connected subset Y of Z, and a continuous function
f : (Y, y0) → (X,x0) onto a 1-dimensional separable metrizable space X, such that G = {f−1({x}) | x ∈ X} is a null
collection of convex subsets of Z.
By [6, Final Remark], ϕ :π1(X,x0) → πˇ1(X,x0) is injective, so that there is a generalized universal covering
p : X˜ → X by an R-tree X˜ [8, Example 4.14], as constructed in Remark 2.9. (Note that the R-tree metric for X˜ is,
in general, different from the metric defined in Remark 2.9. However, we will not use any specific metric for X˜.) For
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work in the pullback diagram
f ∗X˜
f˜
f ∗p
X˜
p
Y
f
X
where f ∗X˜ = {(y, x˜) ∈ Y ×X˜ | f (y) = p(x˜)} ⊆ Y ×X˜, f ∗p :f ∗X˜ → Y is given by f ∗p(y, x˜) = y and f˜ :f ∗X˜ → X˜
is given by f˜ (y, x˜) = x˜.
Recall that f ∗X˜ is topologically characterized by its universal property: given any space S and maps g :S → Y
and h :S → X˜ such that f ◦ g = p ◦ h, there is a unique map q :S → f ∗X˜ such that (f ∗p) ◦ q = g and f˜ ◦ q = h.
Let x˜0 ∈ X˜ be the equivalence class of the constant path at x0 and let Y¯ be the path-component of f ∗X˜ which
contains y¯0 = (y0, x˜0).
4. Existence of the generalized universal covering space Y˜
First, we justify our goal of finding an arc-smooth generalized universal covering space:
Lemma 4.1. If W is a path-connected metric space with an arc-smooth generalized universal covering space W˜ , then
πk(W) = 0 for all k  2.
Proof. Let (W˜ , w˜0) → (W,w0) be the generalized universal covering, let ρ˜ denote a metric for W˜ and let
A : (W˜ , w˜0) → (C(W˜ ), {w˜0}) witness the arc-smoothness of W˜ . Let β : (Sk,∗) → (W,w0) be any continuous map
with k  2. Since π1(Sk,∗) = 1, there is a continuous lift β˜ : (Sk,∗) → (W˜ , w˜0). It will suffice to show that the image
D˜ = β˜(Sk) contracts within W˜ .
To this end, consider D˜ ⊆ E˜ =⋃{A(w˜) | w˜ ∈ D˜} ⊆ W˜ . Then E˜ is compact: Indeed, if (u˜i)i1 is a sequence of
points in E˜, then there are w˜i ∈ D˜ such that u˜i ∈ A(w˜i) for all i  1. In order to show that a subsequence of (u˜i)i1
converges to a point of E˜, we may assume that the corresponding sequence (w˜i)i1 converges to some w˜ ∈ D˜,
since D˜ is compact. Now, A(w˜i) → A(w˜) in C(W˜). For each i, choose v˜i ∈ A(w˜) so that ρ˜(u˜i , v˜i ) is minimized.
Then ρ˜(u˜i , v˜i ) → 0. Selecting further subsequences, we may assume that (v˜i)i1 converges to some v˜ ∈ A(w˜). Then
u˜i → v˜ ∈ E˜, establishing the compactness of E˜.
Since E˜ is an arc-smooth continuum, it is contractible [9, Theorem I-6-A]. 
The next lemma will launch a series of corollaries culminating in the existence of the generalized universal covering
q : Y˜ → Y . It will also prove useful later on.
Lemma 4.2. Let gi = (βi, α˜i) : [0,1] → f ∗X˜ ⊆ Y × X˜ (i = 1,2) be two paths such that α˜1(0) = x˜ = α˜2(0) for some
x˜ ∈ X˜. Suppose further that for every  > 0, there are ui ∈ [0, ] such that x˜ /∈ [α˜1(u1), α˜2(u2)]. Then β1(0) = β2(0).
Proof. Fix an arbitrary  > 0 and choose ui ∈ [0, ] with x˜ /∈ [α˜1(u1), α˜2(u2)]. Say, [x˜, α˜1(u1)]∩ [x˜, α˜2(u2)] = [x˜, z˜].
Then x˜ = z˜. Since the fibers of p : X˜ → X have trivial path-components, there is a w˜ ∈ [x˜, z˜] with x˜ = w˜ = z˜ such that
p(w˜) = p(x˜). Since w˜ separates x˜ = α˜i(0) from α˜i(ui) in X˜, there are s and t with 0 < s < u1   and 0 < t < u2  
such that α˜1(s) = w˜ = α˜2(t).
Iterating this argument, we find decreasing sequences (sk)k and (tk)k in [0,1] both converging to 0, such that
α˜1(sk) = α˜2(tk) while p ◦ α˜1(sk) = p ◦ α˜2(tk) = p(x˜) for all k. Since f ◦ βi = f ◦ (f ∗p) ◦ gi = p ◦ f˜ ◦ gi = p ◦ α˜i ,
this implies that there are G ∈ G and Gk ∈ G with {β1(0), β2(0)} ⊆ G and {β1(sk), β2(tk)} ⊆ Gk = G for all k. Since
β1(sk) → β1(0) and β2(tk) → β2(0), and since the elements of G are closed and pairwise disjoint, we may assume
that G,G1,G2,G3, . . . are all distinct. Since diam(Gk) → 0, we conclude that β1(0) = β2(0). 
Corollary 4.3. Let g = (β, α˜) : [0,1] → f ∗X˜ ⊆ Y × X˜ be a path such that α˜(0) = x˜ = α˜(1) for some x˜ ∈ X˜. Suppose
that for every  > 0 there are u ∈ [0, ] and v ∈ [1 − ,1] such that x˜ /∈ [α˜(u), α˜(v)]. Then β(0) = β(1).
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Corollary 4.4. Y¯ is simply-connected.
Proof. Let g = (β, α˜) :S1 → Y¯ ⊆ f ∗X˜ ⊆ Y × X˜ be a loop. Since X˜ is simply-connected, there is a map a˜ :B2 → X˜,
from the 2-disk B2, such that a˜|S1 = α˜.
For each x˜ ∈ a˜(B2) and each component C of a˜−1({x˜}) form the convex hull H(C ∩ S1) of C ∩ S1 in B2. Since X˜
is 1-dimensional, the sets H(C ∩ S1) are pairwise disjoint and their union equals B2 [2, §6].
First consider an H = H(C ∩ S1) which has nonempty interior in B2. Then H is a topological disk. Let J denote
the boundary of the disk H . Let L be the closure of a component of J ∩ int(B2). Then L is a straight line segment
in B2 whose endpoints s and t lie in C ∩ S1. Let [s, t] be the subarc of S1 from s to t whose interior is disjoint
from C ∩ S1. Then, since our convex hulls partition B2, there are s′ and t ′ on the arc [s, t], arbitrarily close to s
and t , respectively, such that α˜(s′) = α˜(t ′) = α˜(s) = α˜(t). Applying Corollary 4.3 to g|[s,t] : [s, t] → Y¯ , we see that
β(s) = β(t). We can therefore extend the map g = (β, α˜) :S1 → Y¯ to a map g = (β, α˜) :S1 ∪ J (C ∩ S1) → Y¯ by
declaring it to be constant on the closure of every component of J ∩ int(B2). Since α˜(J ) = a˜(C ∩ S1) = {x˜} is a
singleton and since f ◦ β = p ◦ α˜, there is a G ∈ G with β(J ) ⊆ G. Since G is a convex subset of the CAT(0) space
Z, we can extend the map β|J :J → G to H such that β|H :H → G ⊆ Y and diam(β(H)) = diam(β(J )). (For
example, fix any straight line segment L ⊆ J as above and let z be its midpoint. Then H is a cone with base J \ (intL)
and cone point z. Map the cone line whose endpoints are z and w ∈ J \ (intL) with constant speed to the geodesic
segment whose endpoints are β(z) and β(w).) Finally, declaring α˜(H) = {x˜}, we have extended g :S1 → Y¯ to a map
g :S1 ∪H → Y¯ , because f ◦ β(H) = p(x˜) = p ◦ α˜(H).
If H = H(C ∩ S1) has empty interior in B2, then H is either a singleton of S1 or L = H is a straight line segment
in B2 whose endpoints s and t lie in C ∩ S1. In the latter case, we can argue as before (choosing either of the two
subarcs [s, t] of S1) to see that β(s) = β(t) and declare g to be constant on H .
Since the sets H(C ∩ S1) are pairwise disjoint and since their union equals B2, this process yields an extension of
g :S1 → Y¯ to a function g :B2 → Y¯ , which is easily seen to be continuous. 
Corollary 4.5. f# :π1(Y, y0) → π1(X,x0) is injective.
Proof. Let β : ([0,1], {0,1}) → (Y, y0) be a loop. Put α = f ◦ β : ([0,1], {0,1}) → (X,x0) and suppose that [α] =
1 ∈ π1(X,x0). Let α˜ : ([0,1],0) → (X˜, x˜0) be the continuous lift of α : ([0,1],0) → (X,x0) with p ◦ α˜ = α. Since
x˜0 is the equivalence class of the constant path at x0, it follows from the formula for the standard lift in Remark 2.9
that α˜(1) = [α] = x˜0. Therefore, g = (β, α˜) : [0,1] → Y¯ is a loop, which is null-homotopic by Corollary 4.4. Hence
[β] = (f ∗p)#([g]) = 1 ∈ π1(Y, y0). 
Remark 4.6. If f :Y → X is not “gradually π1-injective”, as is the case for [10, Examples 2 and 3], then Y¯ is not
locally path-connected [7, Lemma 4.2].
Corollary 4.7. The natural homomorphism π1(Y, y0) → πˇ1(Y, y0) to the first ˇCech homotopy group is injective.
Proof. Consider the following commutative diagram between the natural homomorphisms ϕY and ϕX , induced by
f :Y → X.
π1(Y, y0)
f#
ϕY
π1(X,x0)
ϕX
πˇ1(Y, y0)
f∗
πˇ1(X,x0)
Since f# is injective by Corollary 4.5, injectivity of ϕY follows from that of ϕX (see General Setup). 
Corollary 4.8. There is a metrizable generalized universal covering q : Y˜ → Y .
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basis elements B([β],V ) of Remark 2.9. It follows from Corollary 4.7 and Remark 2.9 that the endpoint projection
q : Y˜ → Y is the generalized universal covering of Y and that Y˜ is metrizable. 
Remark 4.9. We will use the metric d˜ for Y˜ , as defined in Remark 2.9, where d is the metric for Y obtained from
restricting the metric d of Z.
5. Tight arcs in Y¯
Definition 5.1. A path g = (β, α˜) : [0,1] → Y¯ ⊆ Y × X˜ is called tight if α˜ : [0,1] → X˜ is monotone and β : [u,v] → Y
is a constant speed parametrization of a geodesic segment whenever α˜|[u,v] is constant. Note that a tight path is a home-
omorphism onto its image. Accordingly, an arc A¯ in Y¯ is called tight if it has a tight parametrization g : [0,1] → A¯.
In this section we prove the following proposition.
Proposition 5.2. For every pair of distinct points y¯1 and y¯2 in Y¯ there is a unique tight arc A¯(y¯1, y¯2) in Y¯ with
endpoints y¯1 and y¯2.
Let any two distinct points y¯1 = (y1, x˜1) and y¯2 = (y2, x˜2) in Y¯ be given. Since Y¯ is path-connected and Hausdorff,
we may choose a path g = (β, α˜) : [0,1] → Y¯ from y¯1 to y¯2, which is a homeomorphism onto its image.
Lemma 5.3. α˜ : [0,1] → X˜ is monotone with image [x˜1, x˜2].
Proof. Suppose, to the contrary, that α˜ is not monotone and let x˜ ∈ α˜([0,1]) be such that B = α˜−1({x˜}) is not an
interval. Then there is a nonempty open interval (s, t) ⊆ [0,1] \ B with s, t ∈ B . Since [α˜(u), α˜(v)] ⊆ α˜([u,v]) for
all u,v ∈ (s, t), we may apply Corollary 4.3 to g|[s,t] : [s, t] → Y¯ and get β(s) = β(t). Hence, g(s) = (β(s), α˜(s)) =
(β(t), α˜(t)) = g(t), contradicting the choice of g. So, α˜ : [0,1] → X˜ is monotone. Since X˜ is uniquely arcwise con-
nected, this implies that α˜([0,1]) ⊆ [x˜1, x˜2], so that α˜([0,1]) = [x˜1, x˜2]. 
Tightening. We now define a new function g′ = (β ′, α˜) : [0,1] → Y¯ by straightening the first component of g =
(β, α˜) : [0,1] → Y¯ over every time interval during which the second component is constant: since α˜ : [0,1] → X˜ is
monotone with image [x˜1, x˜2], every nontrivial point preimage α˜−1({x˜}), with x˜ ∈ [x˜1, x˜2], is a closed subinterval of
[0,1]. Say, α˜−1({x˜}) = [u,v] with u = v. Since f ◦ β = p ◦ α˜, there is a G ∈ G such that β([u,v]) ⊆ G. Moreover,
β(u) = β(v) by choice of g. Since G is a convex subset of Z, we may define β ′ : [u,v] → G ⊆ Y to be the constant
speed parametrization of the geodesic segment from β(u) to β(v). Note that for every t ∈ [u,v] we still have f ◦
β ′(t) = p(x˜) = p ◦ α˜(t).
Lemma 5.4. g′ = (β ′, α˜) : [0,1] → Y¯ is a tight path from g′(0) = y¯1 to g′(1) = y¯2.
Proof. We only need to show that β ′ : [0,1] → Y is continuous. Let t ∈ [0,1] be given. We will show that
β ′ : [0,1] → Y is continuous from the right at t . If there is a v ∈ [0,1] with t < v such that α˜|[t,v] is constant,
then, by construction, β ′|[t,v] is a constant speed parametrization of a geodesic segment and hence continuous.
So, assume otherwise and let  > 0 be given. Then β ′(t) = β(t). Since β is continuous, there is a δ > 0 such that
d(β(t), β(s)) <  for all s ∈ [0,1] with t  s < t + δ. By Lemma 5.3, we can make δ smaller, if necessary, and
assume that α˜(u) = α˜(v) whenever t  u < t + δ < v. Now, let s ∈ [0,1] with t < s < t + δ. Put x˜ = α˜(s). Say,
α˜−1({x˜}) = [u,v]. Then β ′(u) = β(u) and β ′(v) = β(v). Notice that we have arranged that t < u  s  v < t + δ.
Then d(β ′(t), β ′(u)) = d(β(t), β(u)) <  and d(β ′(t), β ′(v)) = d(β(t), β(v)) < . Since β ′(s) lies on the geodesic
segment from β ′(u) to β ′(v) in the CAT(0) space Z, it follows that also d(β ′(t), β ′(s)) < . 
Lemma 5.5. There is at most one tight arc in Y¯ with endpoints y¯1 and y¯2.
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It suffices to show that g1([0,1]) ⊆ g2([0,1]). To this end, let y¯ = (y, x˜) = g1(w) for some w ∈ [0,1]. Since each
α˜i : [0,1] → X˜ is monotone onto [x˜1, x˜2] with α˜i(0) = x˜1 and α˜i(1) = x˜2, we have ∅ = (α˜i)−1({x˜}) = [ui, vi] ⊆ [0,1]
for some ui and vi . First assume that both vi < 1. By Lemma 4.2, applied to the two paths gi |[vi ,1] : [vi,1] → Y¯ , we
have β1(v1) = β2(v2). If either v1 or v2 equals 1, then so does the other and we again obtain β1(v1) = β1(1) = y2 =
β2(1) = β2(v2). Applying the same argument to u1 and u2 we get β1(u1) = β2(u2). Therefore, each βi : [ui, vi] → Y
is a constant speed parametrization of the same geodesic segment. Since w ∈ [u1, v1], there is a w′ ∈ [u2, v2] such
that β2(w′) = β1(w). Hence, y¯ = (y, x˜) = g1(w) = (β1(w), α˜1(w)) = (β2(w′), α˜2(w′)) = g2(w′). 
Definition 5.6. Let y¯1, y¯2 ∈ Y¯ . If y¯1 = y¯2, we define A¯(y¯1, y¯2) = {y¯1} = {y¯2}; otherwise we denote by A¯(y¯1, y¯2) the
unique tight arc in Y¯ from y¯1 to y¯2.
Lemma 5.7. If y¯3 ∈ A¯(y¯1, y¯2), then A¯(y¯1, y¯3) ⊆ A¯(y¯1, y¯2).
Proof. Every subpath of a tight path is a tight path. 
By design, the geometry of tight arcs is simple:
Lemma 5.8. Let a triangle of tight arcs A¯(y¯1, y¯2), A¯(y¯2, y¯3) and A¯(y¯3, y¯1) in Y¯ be given. Then there are tight subarcs
A¯(y¯′1, y¯′2) ⊆ A¯(y¯1, y¯2), A¯(y¯′2, y¯′3) ⊆ A¯(y¯2, y¯3), and A¯(y¯′3, y¯′1) ⊆ A¯(y¯3, y¯1) forming a triangle T¯ , such that f˜ maps T¯
to a singleton of X˜ and f ∗p maps T¯ homeomorphically onto a geodesic triangle of some G ∈ G.
Proof. Put y¯4 = y¯1. For each i ∈ {1,2,3}, let gi = (βi, α˜i) : [0,1] → A¯(y¯i , y¯i+1) be a tight parametrization from
gi(0) = y¯i to gi(1) = y¯i+1. Say, y¯i = (yi, x˜i). Then each α˜i : [0,1] → X˜ is monotone onto [x˜i , x˜i+1] and [x˜1, x˜2] ∩
[x˜2, x˜3] ∩ [x˜3, x˜1] = {z˜} for some z˜ ∈ X˜. Say, α˜−1i (z˜) = [ui, vi]. By Lemma 4.2 we have β1(v1) = β2(u2), β2(v2) =
β3(u3) and β3(v3) = β1(u1). By Lemma 5.7, we can take y¯′i = gi(ui). 
6. Lifting the tight arcs from Y¯ to Y˜
Let y˜0 ∈ Y˜ denote the equivalence class containing the constant path at y0. Since Y˜ is path-connected, locally path-
connected and simply-connected, the composition f ◦q : (Y˜ , y˜0) → (X,x0) has a unique lift h : (Y˜ , y˜0) → (X˜, x˜0) with
p ◦ h = f ◦ q , which can be combined into a (unique) continuous lift r = (q,h) : (Y˜ , y˜0) → (Y¯ , y¯0) of q : (Y˜ , y˜0) →
(Y, y0) with (f ∗p) ◦ r = q and f˜ ◦ r = h.
[0,1]
β˜
g α˜
Y˜
r
q
Y¯
f ∗p
f˜
X˜
p
[0,1] γ
γ˜
Y
f
X
Lemma 6.1. For [γ ] ∈ Y˜ , we have r([γ ]) = (γ (1), [f ◦ γ ]) ∈ Y × X˜.
Proof. Let γ˜ : ([0,1],0) → (Y˜ , y˜0) be the lift of γ : ([0,1],0) → (Y, y0) with q ◦ γ˜ = γ . By the formula for lifts in
Remark 2.9, h([γ ]) = h(γ˜ (1)) = f˜ ◦ r ◦ γ˜ (1) = [f ◦ γ ]. 
Lemma 6.2. r : Y˜ → Y¯ is a continuous bijection.
Proof. Injectivity follows from Lemma 6.1 and Corollary 4.5. To verify surjectivity, let y¯ = (y, x˜) ∈ Y¯ . Choose a
path g = (β, α˜) : [0,1] → Y¯ from g(0) = y¯0 to g(1) = y¯ and let β˜ : ([0,1],0) → (Y˜ , y˜0) be the lift of β : ([0,1],0) →
H. Fischer / Topology and its Applications 155 (2008) 1056–1065 1063(Y, y0) with q ◦ β˜ = β . Since p ◦ f˜ ◦ r ◦ β˜ = f ◦ β = p ◦ α˜ and f˜ ◦ r ◦ β˜(0) = x˜0 = α˜(0), we have f˜ ◦ r ◦ β˜ = α˜.
Also, (f ∗p) ◦ r ◦ β˜ = β . Hence, r ◦ β˜ = g and r(β˜(1)) = g(1) = y¯. 
Remark 6.3. The lift r : Y˜ → Y¯ need not be a homeomorphism (cf. Remark 4.6).
Definition 6.4. We define A˜(y˜1, y˜2) = r−1(A¯(r(y˜1), r(y˜2))).
Lemma 6.5. For every y˜1, y˜2 ∈ Y˜ and y¯i = r(y˜i), r|A˜(y˜1,y˜2) : A˜(y˜1, y˜2) → A¯(y¯1, y¯2) is a homeomorphism. Moreover,
if y˜3 ∈ A˜(y˜1, y˜2), then A˜(y˜1, y˜3) ⊆ A˜(y˜1, y˜2).
Proof. Let g = (β, α˜) : [0,1] → A¯(y¯1, y¯2) be a tight parametrization, say, from g(0) = y¯1 = (y1, x˜1) to g(1) = y¯2. Let
β˜ : ([0,1],0) → (Y˜ , y˜1) be the continuous lift of β : ([0,1],0) → (Y, y1) with q ◦ β˜ = β . Then, as above, r ◦ β˜ = g.
Consequently, r−1(A¯(y¯1, y¯2)) = β˜([0,1]) is compact. Now apply Lemmas 6.2 and 5.7. 
7. Continuity of the arcs in Y˜
Lemma 7.1. Let y˜ ∈ Y˜ and  > 0. Put y = q(y˜) and U = {z ∈ Y | d(z, y) < }. Then for every y˜1, y˜2 ∈ B(y˜,U) we
have that A˜(y˜1, y˜2) ⊆ B(y˜,U).
Proof. Say, y˜i = [γi] ∈ Y˜ and γi(1) = yi . Since y˜1 ∈ B(y˜,U), we have B(y˜,U) = B(y˜1,U). Hence, [γ2] ∈
B([γ1],U). So, there is a path β : [0,1] → U ⊆ Y from β(0) = y1 to β(1) = y2 such that [γ2] = [γ1 · β] ∈ Y˜ .
Put α = f ◦ β : [0,1] → X and x˜i = [f ◦ γi] ∈ X˜. Put y¯i = (yi, x˜i ). Then, by Lemma 6.1, r(y˜i) = y¯i ∈ Y¯ . Let
α˜ : ([0,1],0) → (X˜, x˜1) be the lift of α : ([0,1],0) → (X,f (y1)) with p ◦ α˜ = α. By the formula for lifts in Re-
mark 2.9, α˜(1) = [(f ◦ γ1) ·α] = [f ◦ (γ1 ·β)] = [f ◦ γ2] = x˜2. Thus, g = (β, α˜) : [0,1] → Y¯ is a path from g(0) = y¯1
to g(1) = y¯2.
Since Y¯ is Hausdorff, there is a path g′ = (β ′, α˜′) : [0,1] → Y¯ from y¯1 to y¯2, which is a homeomorphism onto
its image, such that g′([0,1]) ⊆ g([0,1]). In particular, β ′([0,1]) ⊆ β([0,1]) ⊆ U . By Lemma 5.3, α˜′ : [0,1] → X˜
is monotone and we may adjust β ′ : [0,1] → Y , as we did in the tightening step above, so that β ′ : [u,v] → Y is a
constant speed parametrization of a geodesic segment whenever α˜′|[u,v] is constant. Since each G ∈ G is a convex
subset of the CAT(0) space Z and since G ⊆ Y , this does not change the fact that β ′([0,1]) ⊆ U .
Now, g′ : [0,1] → A¯(y¯1, y¯2) is a tight parametrization. In order to show the stated inclusion, let z˜ ∈ A˜(y˜1, y˜2) =
r−1(A¯(y¯1, y¯2)) = β˜ ′([0,1]) be given, where β˜ ′ : ([0,1],0) → (Y˜ , y˜1) is the continuous lift of β ′ : ([0,1],0) → (Y, y1)
with q ◦ β˜ ′ = β ′. Then z˜ = β˜ ′(w) for some w ∈ [0,1]. Let τ : [0,1] → [0,1] be given by τ(t) = tw. Then z˜ = β˜ ′(w) =
[γ1 · (β ′ ◦ τ)] ∈ B([γ1],U) = B(y˜1,U) = B(y˜,U). 
Lemma 7.2. For every y˜1, y˜2 ∈ Y˜ and every  > 0, there is an open subset U of Y , with y˜1 ∈ B(y˜1,U), such that for
every y˜ ∈ B(y˜1,U), the Hausdorff distance between A˜(y˜1, y˜2) and A˜(y˜, y˜2) in (Y˜ , d˜) is less than .
Proof. Let y˜1, y˜2 ∈ Y˜ and  > 0 be given. Put y1 = q(y˜1) and form the open set U = {y ∈ Y | d(y, y1) < /2}. Let
y˜ ∈ B(y˜1,U). We will first show that for every z˜ ∈ A˜(y˜, y˜2) there is a z˜′ ∈ A˜(y˜1, y˜2) such that d˜(z˜, z˜′) < .
By Lemma 7.1, A˜(y˜, y˜1) ⊆ B(y˜1,U). By Lemma 5.8, applied to the three arcs r(A˜(y˜1, y˜2)), r(A˜(y˜2, y˜)) and
r(A˜(y˜, y˜1)), there are subarcs A˜(y˜′1, y˜′2) ⊆ A˜(y˜1, y˜2), A˜(y˜′2, y˜′) ⊆ A˜(y˜2, y˜) and A˜(y˜′, y˜′1) ⊆ A˜(y˜, y˜1) forming a tri-
angle T˜ in Y˜ , which is mapped by q homeomorphically onto a geodesic triangle T of some G ∈ G. Express
A˜(y˜, y˜2) = A˜(y˜, y˜′)∪ A˜(y˜′, y˜′2)∪ A˜(y˜′2, y˜2) and consider each of these three subarcs separately. See Fig. 1.
(i) Suppose z˜ ∈ A˜(y˜, y˜′). Since z˜ ∈ A˜(y˜, y˜1) ⊆ B(y˜1,U) and since paths in U have diameter less than , we
have d˜(z˜, y˜1) < . So, we can take z˜′ = y˜1. (ii) Suppose z˜ ∈ A˜(y˜′, y˜′2). Put y′1 = q(y˜′1), y′2 = q(y˜′2) and y′ = q(y˜′).
Then T is the geodesic triangle of G with vertices y′1, y′2 and y′. Since y˜′1 ∈ A˜(y˜, y˜1) ⊆ B(y˜1,U), we have y˜′ ∈
A˜(y˜, y˜1) ⊆ B(y˜1,U) = B(y˜′1,U). Hence, d˜(y˜′, y˜′1) <  so that d(y′, y′1) < . Since Z is a CAT(0) space, there is
a z˜′ ∈ A˜(y˜′1, y˜′2) ⊆ A˜(y˜1, y˜2) such that the geodesic segment δ from z = q(z˜) to z′ = q(z˜′) has length less than .
Let γ˜ be a parametrization of the arc A˜(z˜, y˜′) ∪ A˜(y˜′, y˜′1) ∪ A˜(y˜′1, z˜′) from z˜ to z˜′ and put γ = q ◦ γ˜ . Since G is
convex, γ is homotopic to δ within G ⊆ Y , relative to their common endpoints. If we express z˜ = [β] ∈ Y˜ , then
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Fig. 2.
z˜′ = γ˜ (1) = [β ·γ ] = [β · δ] so that d˜(z˜, z˜′) < . (iii) Suppose z˜ ∈ A˜(y˜′2, y˜2). Since A˜(y˜′2, y˜2) ⊆ A˜(y˜1, y˜2), we can take
z˜′ = z˜.
Since B(y˜,U) = B(y˜1,U), for every z˜ ∈ A˜(y˜1, y˜2) there is likewise a z˜′ ∈ A˜(y˜, y˜2) such that d˜(z˜, z˜′) < . Hence,
the Hausdorff distance between A˜(y˜1, y˜2) and A˜(y˜, y˜2) is less than or equal to , which suffices to prove the
lemma. 
Theorem 7.3. The function A˜ : Y˜ × Y˜ → C(Y˜ ) is continuous.
Proof. Let y˜1, y˜2 ∈ Y˜ and  > 0 be given. We wish to find open subsets U1,U2 ⊆ Y such that for every y˜′1 ∈ B(y˜1,U1)
and every y˜′2 ∈ B(y˜2,U2), the Hausdorff distance between A˜(y˜1, y˜2) and A˜(y˜′1, y˜′2) is less than . By Lemma 7.1, we
may assume that y˜1 = y˜2. Choose U1 and U2 as is Lemma 7.2 for the points y˜1 and y˜2 and for the points y˜2 and y˜1,
respectively. Assuming, as we may, that we have chosen U1 and U2 small enough so that B(y˜1,U1)∩B(y˜2,U2) = ∅,
it follows from Lemma 7.1 that A˜(y˜1, y˜′1) is disjoint from A˜(y˜2, y˜′2).
Applying Lemma 5.8, we obtain subtriangles T˜1 and T˜2 on the triangles with vertices y˜′1, y˜1, y˜2 and y˜′2, y˜2, y˜1,
respectively, such that q maps T˜i homeomorphically onto a geodesic triangle of some Gi ∈ G; all triangles in Y˜ being
formed by the function A˜. It follows from the proof of Lemma 5.8 that if there is any overlap between the sides of T˜1
and T˜2 which lie on A˜(y˜1, y˜2), then these two sides must be equal.
First suppose that there is no such overlap. Then the theorem follows as in Lemma 7.2, because the arcs are
configured as on the left in Fig. 2.
If there is overlap, then the configuration changes to the one depicted on the right in Fig. 2, where A˜(y˜1, y˜2) and
A˜(y˜′1, y˜′2) may or may not be disjoint. Since q maps the central quadrilateral and its diagonals homeomorphically onto
a geodesic configuration of one single element of G, the argument of Lemma 7.2, with the obvious modifications, still
yields the same result. 
Corollary 7.4. (Y˜ , y˜0) is arc-smooth.
Proof. By Lemma 6.5 and Theorem 7.3, the arc-smoothness of (Y˜ , y˜0) is witnessed by the restriction of A˜ to
{y˜0} × Y˜ . 
Corollary 7.5. πk(Y, y0) = 0 for all k  2.
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Remark 7.6. The reader will have noticed that the assumptions of the general setup can be weakened slightly, without
altering any of the results or their proofs. Indeed, it suffices for Z to satisfy the CAT(0) inequality locally, if we require
the point preimages of f to form a null collection of convex CAT(0) subsets of Z (for example, a null collection of
complete simply-connected convex subsets).
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